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Abstract 


In this paper, some geometric properties of equiform Smarandache ruled surfaces in Minkowski 
space E? using an equiform frame are investigated. Also, we give the sufficient conditions that 
make these surfaces are equiform developable and equiform minimal related to the equiform 
curvatures and when the equiform base curve contained in a plane or general helix. Finally, we 
provide an example, such as these surfaces. 
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1. Introduction 


The theory of ruled surface is a branch of the classical differential geometry which has been 
developed by several researchers. In general, the rulings of the ruled surface are the set of a family 
of straight lines that depend on a parameter that is mentioned see Do Carmo (2016); Struik (1988); 
Barbosa and Colares (1986). One of the most interesting points is to study of ruled surfaces with 
different moving frames (see, for example, Hu et. al. (2020); Ibrahim Al-Dayel and Solouma 
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(2021); Lam (2020); Ouarab et al. (2018); Ouarab et al. (2020); Ouarab (2021); Solouma and 
Ibrahim AL-Dayel (2021); Emad Solouma and Mohamed Abdelkawy (2022)). 


In Euclidean and Lorentzian geometry, the Smarandache curve is the curve whose position vector 
is made by Frenet frame vectors on another regular curve (Ashbacher (1997); Bishop (1975); Iseri 
(2002); Mao (2006)). Many researchers (such as Cetin et al. (2014); Emad Solouma (2021); 
Solouma (2017); Solouma and Mahmoud (2017); Solouma and Mahmoud (2019); Solouma 
(2021); Turgut and Yilmaz (2008); Taskopru and Tosun (2014); Yilmaz and Turgut (2010)) 
studied Smarandache curves in Minkowski and the Euclidean spaces. 


In this work, we introduce the definitions of a special kind of ruled surfaces called equiform 
Smarandache ruled surfaces via the equiform frame in Minkowski 3- space. The main results are 
presented in theorems that we concert the sufficient and necessary conditions for those ruled 
surfaces to be equiform developable and equiform minimally. Finally, an illustration-based 
example is provided. 


2. Preliminaries 
In Minkowski space E} the Lorentzian product is defined as: 
H = —de? + de? + de, 


where (€}, 2, €3) is the E? rectilinear coordinate system. An arbitrary u € E? vector is one of the 
following; spacelike ifH(u,u) > Ooru = 0, timelike ifH(u,u) < Oand zeroifH(u,u) = 
0 and wu # 0. Likewise, a curve € = &(@) can be spacelike, timelike or zero if its €'(@) is 
spacelike, timelike or null. Let p = p(@) is a spacelike curve with a timelike principal normal. If 
{t,n, b} denotes the moving Frenet frame of the spacelike curve , then {t,n, b} has the following 
properties: 


t(e) = k(@)n(@), 
n(@) = K(@)t(e) +t (@) b(Q), (1) 
b(@) = 1 (e)n(o), 


where (-= nae H (t,t) = —H(n,n) = H(b,b) =1and H(t,n) = H(t,b) = H(n,b) = 0. 


For a spacelike curve ¢: > E} with a timelike principal normal in E?. The equiform parameter of 
~ by 9 = f kde. Then o = = where o = . We recall that {T, N, B} is the moving equiform 
Frenet frame with the equiform tangent T(0) = o t(@), the equiform principal normal N(Y) = 
o n(@) and the equiform binormal B() = o b(@). The equiform curvatures of 


¢ = ((0) are defined by k, (0) =a = and k,(0) = (=) . As a result, the ¢ equiform Frenet 
frame is given as: 


= 
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T'(8) = kx) TW) + NO), 
N'(9) = -T() + ky, ONO) + kz) BO), (2) 
BY(8) = k, (8) N@) + k2 (9) BS), 


for ("= +), (1, T) = -H(B,B) = H(N,N) = 0?, and H(T, B) = H(N,B) = H(T,N) = 
0. 
Let ¢ = ((9) be a regular equiform spacelike curve in E? via equiform frame { T,N,B}. Then 


TN, TB and NB- equiform Smarandache curves of ¢ are defined, respectively, as follows (Solouma 
(2021)): 
7 1 
(9 (8) = = TM) + NO), 
1 
PO" @)) = TO) + BO)), 


w(8* (8) = F—(N) + BW). 

The Lorentzian sphere with the origin center in the E? space and a radius of € > 0 is defined as 
SPS (xe EFA) Hey 

A ruled surface I in E}? can be represented as 


'(Q,v) = p(@) + vX(Q), (3) 


where @(Q) is the base curve and X(@) is a space curve that represents the direction of a straight 
line. 


The unit normal vector field N on I can be defined by 


[9 xTy 


N= WrexPol’ oy 


where [, = - and [, = < . The components of I’’s first and second fundamental forms are 
given by, and respectively, 
E = ||P| 


2 
) 


F=(,1,) G= IIL’, 
e = (Iyo,N), f = (Tov N), g = Coy N). 


The Gaussian and mean curvatures of I respectively are given by 


eg—f? 
~ EG —F2” (5) 


_ Egt+Ge-2Ff 
~  2(EG-F2) ~ (6) 
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A ruled surface is developable if and only if K = 0 and minimal if and only if H = 0. 


3. Main results 


In this section, we define the equiform Smarandache ruled surfaces within Mikowski 3-space E? 
referring to the equiform frame {T,N,B}. Also, we investigate the necessary and sufficient 
conditions that make these surfaces have K = 0 and H = 0. 


3.1 TN-equiform Smarandache ruled surface 
Definition 3.1. 


For a regular equiform spacelike curve ¢ = (() in E? via the frame (2). The TN-equiform 
Smarandache ruled surface is given by 


A= A(9,v) = = (T() + N(9)) + Bd). (7) 
Theorem 3.1. 


Let A = A(9,v) is TN-equiform Smarandache ruled surface in E? defined by (7). Then, we have 
1. If k; = 1, then A is equiform developable surface and H, given by the formula 


ovk2 (V2ovk2 +2)+2K2 (ie tv2ou) 


V2(V20vk2 #2)2 
2. If ¢(@) is a plane curve (kz = 0), then A is equiform developable surface and H, satisfying 


Ha = 


(ky+D[ky pha) CDs 42k +1) 


av2(kes)2 


Ha = 


Proof: 


Let A(0,v) = = (TO) + N(0))+vB() be TN-equiform Smarandache ruled surface 


recording by the equiform frame {T, N, B} in E?. Taking the first derivative of A(J, v) with respect 
to J and v, we get 


Ay = bes =|709) + | + vk, | N(8) + [= - + vk,| BCS), 


(8) 
Ay = BQ). 
From (8), The components of A’s first fundamental form and the unit normal vector field are given 
by: 
Ex =5|(ky — 1)? = (ky + V2ouk2)” + (ky + V20uk,) |, 
Ga = o*. 


https://digitalcommons.pvamu.edu/aam/vol1 8/iss1/7 


Solouma: On Geometry of Equiform Smarandache Ruled Surfaces 
AAM: Intern. J., Vol. 18, Issue 1 (June 2023) 5 


(ky +V2ouk2+1)T(9)—(ky-DN(9) 


Na => 5 
| ier+VZ0vK241) —(k4—-1)? 


(10) 


Another time, we can differentiate (7) with respect to 0 and v, respectively, and use (2) to get 


Ags = €1T (8) + €2 N() + €3 BY), 


Agy = kp NO) + ky BOD), (11) 
Ayy = 0: 
where 
ey = So [ki + ka (ky — 2) + V2ouk, + 1), 
fo = reals + kz + ky + 2k, + V2ou(kyk2 + k})|, (12) 
&3 = [ky + ko(2ky +1) + V2ou(k? +k} + ky). 


From (10) and (11), the components of A’s second fundamental form are given by: 


fs _ oéi[kitv2ouk, Sijrezta sD) 


| (ertvzov%, +1)? —(k4—-1)? 


ae oka (key-1) (13) 
[(ke1+VZouk,+1)°—(ey-1 
In = 0. 


So, from (9) and (11), the equiform Gaussian and mean curvatures of TN-equiform Smarandache 
ruled surface A given by: 
k3(ky-1)? 


[(ier+VZ ok, +1)", -0] 


H, = 2V2k2(k2+V2ovk2)-2o{e,[k1+V2ouk2+1|+e2(k1—-1)} (14) 
MS ee ae a 
[(k1+V2ouk2+1) —Ce.-1)?]? 
Consequently, from (14) we complete our proof. a 


Corollary 3.2. 

Let A = A(J,v) is TN-equiform Smarandache ruled surface in E}? defined by (7). Then A is 
equiform minimal surface if and only if the equiform curvatures satisfy the following differential 
equation 


2V2k2(k2 + V2o0uk2) = 2of{e,[k, + V20vk, + 1] + €o(ky = 1)} = 0, 


where €, and €, are given by (12). 
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Proof: 
Let A(J,v) be TN-equiform Smarandache ruled surface defined by (7) via the equiform frame 


{T, N, B} in E?. From (14), the equiform surface A(J,v) is equiform minimal surface if and only 
if Hy, = 0 which mean that 


2V2k2(k2 + V2o0uk2) 2ofe, [ky + V2o0vk, + 1] + Eo (ky = 1)} = 0, 
where €, and €, are given by (12) which complete our proof. sm 


3.2 TB-equiform Smarandache ruled surface 
Definition 3.2. 


For a regular equiform spacelike curve ¢ = ((9) in E} via the frame (2). The TB-equiform 
Smarandache ruled surface is given by 


O = 0(8,v) = F(T) + B()) + WNW). (15) 
Theorem 3.3. 


Let © = 0(9, v) is TB-equiform Smarandache ruled surface in E} defined by (15). Then, we have 
1. If ((@) has non-zero constant curvature (k, = 0), then © is equiform developable surface and 


—V2ka(ka+1)+oukg 
He = 


202v2(k+1)2 
2. If ¢(@) is a general helix (kz = 1), then © is equiform developable surface and 


fee ki +k1(k,+V20v) 
e (k,—VZ0v)" 
Proof: 


We can study the Kg and He of TB-equiform Smarandache ruled surface via the equiform frame 
{T, N, B}. The velocity vectors of (15) are given by 


Bee [fs ae T(9) + [| VO) 4 [seer Bw), 
0, = N(9). 


(16) 


Now, using (16), we get the quantities of the first fundamental form and the unit normal vector 
field of © are given by: 


Eo = =|(ka = V20v) _ (ky + V2ouk, + 1) + (ky a V2ovk2) | : 


Go = —o*. 
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_ (ky +V2ovk2)T(9)+(k1—-vV20v)B(9) 


No (18) 
o | (ky+V2ovk2) +(ky-V20v)* 
Differentiating (16) with respect to 0 and v respectively and using (2) we get 
O99 = HT) + Up NW) + us BOW), 
Oo, = -TW) +k, NW) + kz BO), (19) 
03, = 0; 
where 
u, = ala — ky + ky(k, — V20v) — V2ovk, + 1], 
ln = = [kt + ki + ky(kz + V2ovk, + 2) + ka(k, + V2ovk2) + V2ov(ki — 1), (20) 
lg = = [ki + k2(kp + V2ovk, +1) + ky (ky + V2ovk2) + V2ovk3]. 
From (18) and (19), the quantities of the second fundamental form of © are given by: 
= o{ ua (kK1+V20vk2)+U2(ki+V20v)} 
(SS SSS SSSSSSS=== 
(ertvz0v%)? (ier —V200)" 
fo = ok, (k2~-1) (21) 
(ky+V2ovk2) +(ky-V2ov)* 
IJo = 0. 


Then, from (17) and (21), the equiform Kg and He of TB-equiform Smarandache ruled surface 0 


given by 

a 2k2(k2-1)? 

[(iea+VZ0vk,)"+(kex-V200)"] 
Ho = 22k a= (ket Bours #1)-2o{H [ka tVZauk]+Hs (kr +V20) (22) 
——_——een:_ oeweereesaaeeerosrereea 
[(kr+V2ouk2) +(ky—-V20v) |? 

which complete our proof. 7 
Corollary 3.4. 


Let © = 0(9,v) is TB-equiform Smarandache ruled surface in E} defined by (15). Then @ is 
equiform minimal surface if and only if the equiform curvatures satisfy the following differential 
equation 


where pl, and [3 are given by (20). 
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Proof: 


Let © = 0(0,v) be TB-equiform Smarandache ruled surface defined by (15) in E? via the 
equiform frame {T, N, B}. Then, He = 0 implies that O(0, v) is equiform minimal surface. From 
(22), we have 


2V2k,(k, = 1)(k» + V2ovk, + 1) = 2o{uy [k, + V2o0uk>| + La (ky + V20v)} = 0, 
for W, and 3 are given by (20). This complete the proof. 7 


3.3 NB-equiform Smarandache ruled surface 
Definition 3.2. 


For a regular equiform spacelike curve ¢ = ((9) in E? via the frame (2). The NB-equiform 
Smarandache ruled surface is given by 


Y =Y(0,v) = = (N(9) + B(O)) + vT (9). (23) 
Theorem 3.5. 


Let Y = Y(¥,v) is NB-equiform Smarandache ruled surface in E? defined by (23). If ky + kz = 
0, then Y is equiform developable surface satisfying 


k2 
Hy, = —. 
Y 202v2 


Proof: 
We compute the equiform Gaussian and the equiform mean curvatures of NB-equiform 


Smarandache ruled surface given by (23) via the equiform frame {T,N,B}. The Y’s velocity 
vectors are given by 


= [Ae Veves= T(9) + eee) 4 [EX] Bc), 


(24) 
Y= 7): 
By using (24), we get the components of the first fundamental form and the unit normal vector 
field of Y are given by: 
Ey = =|(V2ouk, a 1) —- (ky + ky + V20v) + (ky + kn)°|, 
oO 
= %[v2ouk, — 1], (25) 
Gy = o?, 


Nee V20 ./ou(ky+k2+ov) 


(26) 


Using (2) and differentiating (24) again with respect to 0 and v respectively, we get 
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Yo9 = @,T(O) + a, NW) + az BY), 


You = iT) + NW), (27) 
Yyy = 0, 

where 

a, = Ts [ky (V2ouk, — 1) + V2ov(k} — 1) — ky — ky], 


A= a peer [ki + k + ky (ky + ky + V2ov) + ky (ky + kp) + V2o0uk, — 1; (28) 


Taz 
a [ky + kb + ky (ky + kp + V20v) + ko (ky + kp)]. 


a3 = 


From (26) and (27), the quantities of the second fundamental form of Y are given by: 


o{a2(ky+K2)+0a3(ky+k2+v2ov)} 


7 aa V2 Jov(k,+k2+ov) : 

ts o(ky+k2) (29) 
- V20 Jou(k,+kz+0v). 

Gy = 0. 


Then, from (25) and (29), the equiform Gaussian curvature Ky and the equiform mean curvature 
Hy of Y are given by 


R= (ky+k2)? 
Y  26202(ky+k2+0v)2’ 
ty wx V2 leaks tka) +a (ka tka +V2ov)}+2(ber+k2)(V2ovks-1) (30) 
Ca =... 
2[ou(ky+k2 foie 
As a consequence of the above results, we complete the proof. = 


Corollary 3.4. 


Let Y = Y(¥,v) is NB-equiform Smarandache ruled surface in E? defined by (23). Then Y is 
equiform minimal surface if and only if the equiform curvatures satisfy the following differential 
equation 


o{ao(ky + k2) + a3 (ky + k + V20u)} + V2(k, + kz)(V2ovk, — 1) = 0, 
where az and @3 are given by (28). 
Proof: 


Let Y = Y(0,v) be NB-equiform Smarandache ruled surface defined by (23) in E? via the 
equiform frame {T,N,B}. As the above way, the equiform mean curvature Hy of Y is given by 


(30). Then, Hy = 0 means the equiform surface Y(Y, v) is equiform minimal surface. Then, from 
(30), we have 


o{ao(ky + ky) + a3 (ky + k + V20u)} + V2(k, + kz)(V2ovk, =~ 1) => 0, 
where @2 and @3 are given by (28) which complete the proof. 7 
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3.4 Example 


Consider the case of a regular spacelike curve ~(@) with a timelike principal normal in E} (see 
Figure 1) 

(¢) = (£ cosh(V2Ing), sinh(v2 In 0), 4) (31) 
Then, the Frenet apparatus are given as the following 


Figure 1: Spacelike curve @ = (@) 


t(e) = (= cosh(v2 In 0) sinh(v2 In 0), sinh(v2 In 0) st cosh(v2 In e),=), 
n(@) = (V2cosh(V2 In g) + sinh(V2 Ing), V2sinh(V2 Ing) + cosh(vV2 In g), 0), 
k=-, a=0, k,=1, 


b(e) = (= cosh(v2 In g) + sinh(V2 In e).z sinh(v2 In @) + cosh(v2 In e), 5), 


1 
er k, = 1. 


Then, the equiform parameter is 9 = ih x do = Ing, so we have 9 = o = e”. Now, the equiform 
spacelike curve ¢ (2) is define as (see Figure 2) 


Cu) = (5 cosh(v29) - sinh(V29), 5). (32) 
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6 ze 
= a ae 


Figure 2: Equiform spacelike curve ¢ = ¢() 


It is easy to show that the vectors of equiform Frenet frame are given as: 


T(@) =e® (= cosh(V¥29) + sinh(V28),— sinh(V29) + cosh(V20), =), 
N(e@) = e® (V2cosh(V29) + sinh(V29), V2sinh(V29) + cosh(V29), 0), 
B(e) =e” (= cosh(V¥29) + sinh(V29) = sinh(V29) + cosh(V29), =). 


Thus, the equiform Smarandache ruled surfaces A(Y, v), O(8, v) and Y(V, v) are respectively given 


as (see Figures 3, 4 and 5) 


Figure 3: TN-equiform Smarandache developable ruled surface A(VJ, v) 


A@,v) = (2) cosh(V29) + (22°) sinh(v20), (2**") sinh(V28) 


V2 
+ (2) cosh(v2.9) ; wv"). 
(33) 
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1.07 


0.5 F 


2.5 


Figure 4: TB-equiform Smarandache developable ruled surface 0(0, uv) 


O(9,v) = (1+ V2ve”) (cosh(v28) + sinh(V29), sinh(V29) + (eee Je cosh(V29), 0). 
(34) 


Y(8,v) = (ex ve") cosh(V20) i ve") sinh(v28), (22) sinn(V2¥) 


+ (ae Lvive’) —). 


a 
65) 


4. Conclusion 


Using an equiform frame, various geometric characteristics of equiform Smarandache ruled 
surfaces in Minkowski space Minkowski 3-space are studied. We also provide the necessary 
requirements for these surfaces to be equiform developable and equiform minimal in relation to 
equiform curvatures, as well as when the equiform base curve is located in a plane or general helix. 
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Figure 5: NB-equiform Smarandache ruled surface Y(V, v) 
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